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Motivation

Autonomous cars

Route planning

The road sharing problem
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The deployment of autonomous vehicles has more and more increased in popularity during recent years. Yet, its development has proven to require extensive research and investments.One of the most naturally arisen problems in this deployment is, how does the vehicle determine its route in complex and uncertain situations. This question is rather broad and dependent on many factors. One such situation, which is a bit more arduous than others, could be the following.Consider a traffic scenario where one half of the road is blocked. Maybe there is some ongoing construction, or an accident has occurred. Either way, there is a roadblock which obstructs one lane and the bi-directional traffic needs to share the other part of the road.We, Albin Mosskull and I, have in this Bachelor thesis project set out to examine a possible solution to this road sharing problem.



Outline

Optimal Control Theory

and Tensor Decomposition

Simulations of 

different traffic situations

Conclusion with discussion
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In this presentation I will briefly cover the necessary theory to understand our solution. Then I will present some simulations, and lastly, conclude with a discussion of the project results.



Theory



Optimal Control
Theory
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There is multiple methods for solving the road sharing problem. In this project we consider the road sharing problem as an optimal control problem which we will solve centrally. That is for all vehicles at once.So, if you consider all possible combinations of routes for a set of vehicles which route-pair would be the most safe and cost-effective? As an optimal control problem, there is two fundamental concepts to this: Dynamics and Costs! 



State dynamics:
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑑𝑑, 𝑑𝑑,𝑢𝑢)

Steering: 
moves the car sideway

Gas: moves the car forward
Brake: stops the car

Dynamics

Presenter
Presentation Notes
It is natural that a vehicle follow some sort of state dynamics. When you turn the steering wheel or press the gas pedal, you apply some control input, which would then affect the vehicle's state. Expressly, the state dynamics will govern the vehicle's motion.



Cost-to-go function:

𝐽𝐽 𝑑𝑑, 𝑑𝑑,𝑢𝑢 = 𝜙𝜙 𝑑𝑑𝑓𝑓 + �
𝑡𝑡

𝑡𝑡𝑓𝑓
𝑐𝑐 𝑑𝑑, 𝑑𝑑,𝑢𝑢 𝑑𝑑𝑑𝑑

By control: 
Fuel

By state:
Traffic rules, Roadblock, Destination

Costs
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It is also easy to envision the cost of driving. We have costs for control input, like fuel. But do also consider traffic rules, for example staying in-lane, or costs for not driving through the roadblock.So, you could have some terminal cost,  and some accumulative cost.



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

0 = min
u

𝑐𝑐 𝑑𝑑,𝑢𝑢 +
𝜕𝜕
𝜕𝜕𝑑𝑑

𝑉𝑉 𝑑𝑑 𝑇𝑇 ⋅ 𝑓𝑓 𝑑𝑑,𝑢𝑢 +
1
2
𝑇𝑇𝑇𝑇

𝜕𝜕2

𝜕𝜕𝑑𝑑2
𝑉𝑉 𝑑𝑑 ⋅ 𝜎𝜎 𝑑𝑑 𝜎𝜎 𝑑𝑑 𝑇𝑇

⇒ 𝐴𝐴𝐹𝐹 = 𝐺𝐺

Problem:

The curse of dimensionality
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Through dynamic programming arguments one can take the problem formulation in optimal control theory and then derive the Hamilton-Jacobi-Bellman Equation. This equation is solved by the so-called value-function which states the optimal total cost for the problem.Since the HJB equation is a non-linear partial differential equation, if we can linearize it then the problem can simply be formulated as AF=G. F is the solution and all variables are high-dimensional tensors, more on that shortly.To solve this equation, we will try to discretize it and solve numerically. However, there are some major disadvantages with this which we need to address. One in particular is that the difficulty of solving this equation increase with the number of dimensions we include. And, since our road sharing problem enfolds multiple vehicles, we run intothe so-called curse of dimensionality; that is when computation time and memory needed scale exponentially with the number of dimensions resulting in infeasible calculations for only a moderate amount of vehicles. This will need to be counteracted.



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

Discretization using
tensor decomposition

What is a tensor?

- Multi-dimensional array.

- Generalization of vectors and matrices.

Presenter
Presentation Notes
But first I need to explain what a tensor is. A tensor is a multi-dimensional array. A 1D tensor is a vector, 2D a matrix, 3D a ''cube‘’ matrix, and so on. Considering the road sharing problem, which contain 4 or even more dimensions, one easily realizes the unreasonable amount of computations needed to solve AF=G.To circumvent this curse of dimensionality, there exists several numerical frameworks which removes or lessen this restriction. 



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

Discretization using
tensor decomposition

Two alternatives:

- Canonical tensor decomposition

- Tensor Train decomposition
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In this project we used tensor decomposition to represent the tensors in an approximate structure using only a few elements. This reduces the amount of memory needed and the number of operations to calculate. In this project we had two such tensor decomposition alternatives; Canonical and Tensor Train.



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

Tensor decomposition

Numerical algorithms

Presenter
Presentation Notes
We had two tensor decomposition alternatives and three algorithms which solved AF=G. These algorithms were highly dependent on their decomposition format, so we did an evaluation of them to see which were best.



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

Tensor decomposition

Chosen algorithm:
Sequential Alternating Least Squares
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We chose the Sequential Alternating Least Squares algorithm which relied upon the canonical tensor decomposition. 



Solving the
optimal control

problem

Hamilton-Jacobi-Bellman 
(HJB) Equation

Tensor decomposition

Numerical algorithms
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Unfortunately, a discussion about these algorithms and tensor decomposition formats are outside the scope of this presentation, for more details you can read our paper. Still, it is good to keep in mind that these algorithms are the core for solving our PDE in higher-dimensions.



The road sharing
problem



Goal:
Reach Destination and 
Avoid Collision

• A Single Autonomous Vehicle
• Multiple Autonomous Vehicles
• Dynamics of a vehicle

𝑑𝑑𝑑𝑑 = 0
𝑑𝑑1
𝑑𝑑2 + 1 0

0 1
𝑢𝑢1
𝑢𝑢2 𝑑𝑑𝑑𝑑 + 𝜎𝜎𝑑𝑑𝜎𝜎

Noise
ControlNo 

impact
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Finally we reach the road sharing problem.The goal of the road sharing problem is for each vehicle to reach their respective destination without any collisions. We have setup two traffic scenarios:In the first setup we only have a single autonomous vehicle that needs to drive past a roadblock.In the second setup we have two vehicle on opposite sides of the roadblock driving in opposite direction to each other.We set the state dynamics of a vehicle to something rather simple. They can be controlled to move freely in any direction. And the movements are only dependent on the control, and some noise. 



A Single 
Autonomous vehicle

• Setting up the costs
• Reaching the destination
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In the first traffic situation the vehicle only needs to drive around the roadblock. To force the vehicle to do as we want, we mainly make use of cost functions. First, we setup a cost which incentivize the vehicle to move towards its destination. Secondly, we setup a cost for the roadblock and staying in-lane. In the left figure we see that there is a high cost of being where the roadblock is. There is also a cost of moving towards the edges. The best route for the vehicle would be to move around the yellow area and onwards, and in the right image we see just that! The car moves around the roadblock and into its destination.



Multiple
Autonomous vehicles

• Setting up the costs
• Car-to-car collision avoidance
• Reaching the destination
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For the second traffic situation the number of dimensions doubles up to four. One of the main reasons for solving the road sharing problem centrally, i.e. for all vehicles at once, is that we can include in our problem formulation a car-to-car collision avoidance feature.I ask you to mainly focus your attention on the circled-in figures. These figures show the same information as the ones in the previous slide, only now, we include a second vehicle. Starting on the left we look at the state trajectories. As you can tell, it did not exactly go according to traffic rules and regulations. Here, the simulation found it best that the upward-going vehicle should drive on the roadside. However, the vehicle did move according to our set up conditions. It did drove both vehicles to their respective destination. And it did avoid collision.



Multiple
Autonomous vehicles

• Setting up the costs
• Car-to-car collision avoidance
• Reaching the destination
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Additionally, it may be difficult, but we can in the right figures see how this relationship, the car-to-car avoidance feature, is applied.This simulation maybe look rather banal, but it was rather tedious to get these results. Even after many repeated attempts, this undesirable outcome remained the best. This made us conclude that it is not only difficult to solve the HJB equation, but also very hard to even setup all parameters and cost functions.



Conclusion
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Using numerical algorithms which exploit properties in tensor decomposition, it is possible to circumvent the curse of dimensionality when solving the HJB equation for high-dimensional problems. In this project we have used the Sequential Alternating Least Squares algorithm to solve the HJB equation for the road sharing problem. In one of our traffic scenarios the vehicles cheated their way through and would be catastrophic in a real-world situation.



Discussion

Difficult to setup parameters

Numerical errors

Other algorithms could perform better

Once solved, you can reuse the solution
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Yet, after many many simulations and a lot of parameter tweaking, we only arrived to the previous results. The first solution was promising and did exactly as we intended, but it was not as simple to setup the costs and parameters the second time. There became a problem just by setting up the problem.This could be because numerical errors occur inside, or because of,  our core algorithm, Sequential Alternating Least Squares.Thus, maybe if we had tried to implement one of the other algorithms that we studied; the results may have been better.All this does not mean that optimal control is an inferior method for solving the road sharing problem. One huge benefit of solving traffic situations like this, with the HJB equation, is that you only must do it once. Once solved, the solution can be reused the next time two vehicles meet at a roadblock.



Thank you
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In this project, however, we must suffice with driving on the roadside!
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